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Exercise 1

Find v+4u, 3u, the length ||u|, ||v||, the dot product u-v, the angle between u and v and
determine whether u and v are orthogonal (or for which values of parameters u and v are
orthogonal, if any are present):

(i) u=(0,2), v=(2,1)

e vV+u
v+u = (Ul + uy,v2 + UQ)
v+u=(2+0,1+2)
v+u=(2,3)
e 3u

3u = (3uq, 3usg)
3u=(3x0,3x2)
3u = (0,6)

[laf] = \/ui + 3

[ull = V02 + (22
Jufl = Vi=2

VIl = \/vi + 3

Ml = V@2 + (12
M =vVITT="5

The length ||ul]|

The length ||v]|

The dot product u-v
u-vV =1ujv] + ugvs

w-v = (0)(2) + (2)(1)

u-v=2



(ii)) u

The angle between u and v and determine whether they are orthogonal

u- v = [[ull[[v]| cos
0 u-v 2 1
cosb = = = —
[allllvll 2v5 V5

1
0 =cos ! (—=) ~ 63.43°
()
u and v are not orthogonal as the angle bewteen them is not 90°, or 5. This is also clear
from the non-zero value of u-v we obtained. Orthogonal vectors have u-v=0.

=(-3,k,0,k), v=(0,3k,-1,3)

v+u
v+u = (v + w1, v2 + ug, v3 + ug, vg + us)
v+tu=(0—-3,3k+k,—140,3+k)
v4u = (-3,4k,—1,3 4+ k)
3u

3u = (3uq, 3usg, 3us, 3uy)
3u=(3x—-3,3xk,3x0,3xk)
3u = (-9, 3k, 0, 3k)

The length ||ul|

Ju|| = /u? + u3 + u3 + u?
lul| = V/(=3)% + (k)% + (0)2 + (k)>
|| = V9 + k2 + k2 = /9 + 2k2

The length ||v]|

vl = V(0)2 + (3k)% + (1) + (3)?
V]| = VK2 + 149 = v/9k2 + 10

The dot product u-v
UV =1uv] + U2V + u3vs + U404

u-v = (=3)(0) + (k)(3k) + (0)(—1) + (k)(3)
u-v=23k+3k
u-v=3kk+1)



e The angle between u and v and determine whether they are orthogonal

w-v = [Jul[|[v]] cos
u-v 3k(k+1)
cosf = =
lall|[v]] 9+ 2k2v/9k2 + 10
k(k+1
0 = cos™ ! ( 3k(k +1) )

V9 + 2k2v/9k2 + 10

u and v are orthogonal if u-v=0.
u-v=3k(k+1)=0
So u and v are orthogonal if kK =0 or —1.

(i) u=(1,0,0,-1,0,1), v=(0,2,0,0,-k k)

e v+u
v+u = (1)1 —i—ul,vg+uQ,v3+u3,v4+u4,v5+U5,1)6+u6)
v+u=(140,0+2,04+0,-1+0,0—k, 1+ k)
v+u=(1,2,0,—-1,—k, 1+ k)
e 3u

3u = (3uq, 3usg, 3us, 3ug, 3us, 3ug)
3u=(3x1,3x0,3x0,3x—-1,3x0,3x1)
3u=(3,0,0,-3,0,3)

The length ||ul|

[[u]| = \/u%—i-u%—&-u%—i-ui—i-u%%-u%
[[ull = V/(1)2 + (0)2 + (0)2 + (=1)2 + (0) + (1)
luf|=vVI+1+1=V3

The length ||v]|

[v]| = \/fu%+v§+v§+v§+v§+vg
V][ = V(0)2 + (2)2 + (0)2 + (0)% + (—k)2 + (k)?
V]| = V4 + k2 + k2 = /4 + 2k2

The dot product u-v
u- v =ujv1 + ugv2 + ugvs + uqvq + usv5 + Ugls

u-v = (1)(0) + (0)(0) + (0)(0) +

(—
u-v==%

1(0) + (0)(=k) + (1) (k)



e The angle between u and v and determine whether they are orthogonal
u-v =|[ul|||v||cosé

u-v k

lafl[[vI]  v3v4+2k2

cosf =

60 = cos™

u and v are orthogonal if u-v=0.
So u and v are orthogonal if £ = 0.

Exercise 2

Write the system in matrix form:

(1)
{2—22—23/ =0

22 —dt4+x -4y =-1

2y =0

z—1 =-3
1 -4 2 —4\ (° 1
0o 2 0 ollY[=]o0o
0 0 1 -1 ’z -3

Exercise 3

Find the (standard) matrix of the linear transformations 7" defined by the equations:
(1) wp = —T1, Wy = T2 —I1 +l‘3

The linear transformation from R™ to R™ can be written in matrix form as: § = AZ or
T(Z) = A¥, where A is the standard matrix.

wr) —11
w9y o —x1 + T2 + X3



w1\  (—1lxy + Oxo + Ox3
wWo - —1x1 + 1z + 1lzj

w (-1 0 0\ ("
we) " \=1 1 1) |™?

3
(w=x—y+z,wy=z+y, w3=—o, Wy =2
w1 r—y+z
w2 | z+y
ws | —x
Wy T
w1 lz. + -1y + 1z
wa| | 0z + 1y + 1z
wy| | -1z + 0Oy + 0z
Wy lx + Oy + 0z
w1 1 -1 1 .
wa | | O 1 1
wy] ~ -1 0 o0 Z
Wy 1 0 O
(111) T(.’L‘hwg7 xrs3, [L’4) = ((), 1,3 — 2,1 — 2:L'4 + I3, ())
w1 0
w2 Z1
w3 = Tr3 — T2
Wy T1 — 224 + T3
Ws 0
w1 Ory; + Oz + 0Ozz3 4+ Oxy
wWo lzy + Oz + Oz3 4+ Oxy
ws | =01 + —1zo + 1lxg + Oxy4
Wy lzy + Ox9 + 1lx3 4+ —214
ws Orx1 + Oz + Oxz3 4+ Oxy
w1 0O 0 0 O .
wy 1 0 0 0 xl
ws | =0 -1 1 o0 2
m 1 0 1 -2 i?’
ws 0 0 0 0 4



Exercise 4

Find T'(x) = Ax for the matrix A and the vector x whenever the product makes sense (i.e. the
dimensions of A and x fit together):

0a=(0 73 ()

We must compute the dot products of the rows of the 15 matrix by columns of the 27¢. We can-
not do this for these matrices as the dimension of x is not equal to the dimension of the rows of A.

—1

—_
=
\
[\

—_
—_ = O =
|
[\V]

This is a 4x3 matrix by a 3x 1 matrix. The resulting matrix is a 4x 1 matrix.

(0x0)+ (1 x1)+(—-1x-1)
(I1x0)+(0x1)+(=2x-1)

T(x) = (=1x0)+(1x1)+(1x-1)
(0% 0)+ (1 x 1)+ (1 x —1)
2
()= |2
0
1 2
(iii) A = o —1|1* <1>
-1 0
1 2
-1 1 2
T(x) = 0 =1 <—1)
-1 0

This is a 4x2 matrix by a 2x 1 matrix. The resulting matrix is a 4x 1 matrix.

(Ix2)+(2x-1)
(=1x2)+(1x-1)
(0x2)+(-1x-1)
(=1 x2)4+(0x —1)

T(x) =



